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ABSTRACT
There have been many research literature on traditional direct fire com-
bat modelling. Recently, network centric warfare (NCW) is an active
research topic, in which information plays more important role than in
the traditional warfare. It can be easily agreed that the use of infor-
mation affects the combat results greatly. However, it is not straight-
forward to measure the effect of the information, thus decision making
involving the impact of information during combat is a non-trivial task.
In this study, we propose a simple model for NCW modified from the
original Lanchester differential equation, which can be used as a basic
model for analysing characteristics of NCW. We derive some useful prop-
erties of the model in a special case. In order to solve the optimal
fire allocation decision under this model in general case, we propose
an algorithm based on reinforcement learning, followed by numerical
examples.
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1. Introduction

Describing the warfare is a traditional and fundamental area in the military field. Lanchester [1]
suggested a foundational model with the differential equations. After his work, this domain grows
constantly; see overview of combat modelling [2,3]. Especially, modelling the modern warfare
including the concept of network centric warfare (NCW) or force multiplier is an emerging field.

The concept ofNCWcan be summarized into one phrase, ‘The importance of collecting and utiliz-
ing the information’; for an overview of NCW see [4–8]. Since the information is not only intangible,
but also hard to collect and utilize, the effort on developing and designing the metric for NCW is
addressed in [9]. Network attack can be interpreted differently. A discontinuous shock like an electro-
magnetic pulse attack ismodelled in [10] and amalware spread analyse with an epidemic SIRmodel is
modelled in [11]. Not like traditional direct fire model, modelling the modern warfare becomes hard
because of complexity and ambiguity. So we propose an introductory model for NCW in Section 2
with differential equations. This model is intuitive and includes all the concepts of NCW and force
multiplier.

Beside, researchers are interested in the optimal decision making problems in military field as
more than modelling the battle. Since the purpose of battle is to win against the enemy, the optimal
fire allocation problem is natural to ask, andmany studied about the weapon-target assignment prob-
lems [12–15]. Since there are many interpretations about the term NCW, there is no basic model like
Lanchester [1] in the field ofmodernwarfare. In this paper, we interpret the network power as a signal
corpsman or an information processing centre that assist the attack forces to hit effectively. In other
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words, if the network power decreases, attrition rate of the attack forces will be weaken. So we suggest
the basic model with the differential equations based on this idea. Like any other works, we focus on
the optimal fire allocation within the view of blue force; what is the optimal fire proportion that max-
imizes the blue force at the end of battle. Our main contribution is that we proved some analytical
properties of this model for a restricted case and suggested the reinforcement learning technique to
solve the optimal allocation problem for complex cases.

In the next section, we present the basic model we suggest and prove some analytical properties
for the linear attrition rate function. And then we propose our main contribution, the optimal fire
allocation strategy using the reinforcement learning technique called the direct policy search (DPS)
algorithm.We present the numerical results for several cases and conclude with the promising future
works that can be done.

2. Newmodel for NCW and properties

The key idea of NCW is the utilization of the network power. Not only the amount of information,
but also to utilizing the information is very important. On the original combatmodels, all the fighting
power or ability was denoted as some constants or independent variables which is called an attrition
rate or a kill rate. These models cannot apply the concept of force multiplier or NCW because of the
limitation of model structure. So we propose the introductory model for NCW as shown in Figure 1.
The main difference from the previous literature is that the attrition rate is represented as a function
of network power. Below are the notations that we use through this paper.

B = Blue force
A = Red force (Attack)
N = Red force (Network)
βA = an attrition rate of B to A
βN = an attrition rate of B to N
fα(N) = an attrition function of A to B
π = the fire allocating proportion of B to A

Since this is the introductory model, we assume only red forces have the network, N, and the blue
forces does not and only A can attack B with the attrition rate fα(N). We can represent Figure 1 as a

Figure 1. Basic combat model including NCW.
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system of differential equations,

dB
dt
= −fα(N)A, (1)

dA
dt
= −πtβAB, (2)

dN
dt
= −(1− πt)βNB. (3)

2.1. Some useful properties if fα(N) is a linear function of N

If fα(N) = αd + (αc − αd)(N/N0), which is a linear function of N, then we can derive useful prop-
erties of the optimal fire allocation. In here, αc denotes the fully-connected attrition rate of A and αd
denotes the fully disconnected attrition rate, where αd ≤ αc. The differential Equations (1)–(3) can
be rewritten as

dB
dt
= −

(
αd + (αc − αd)

N
N0

)
A (4)

dA
dt
= −πtβAB (5)

dN
dt
= −(1− πt)βNB. (6)

Lemma 2.1: If πt = π for any time t, where π ∈ [0, 1], then one of π = 0 and π = 1 achieves the
optimal fire allocation to maximize the Blue force at any time.

Proof: Ifπt = π is a fixed constant over time t, this differential equation type is special type of second-
order nonlinear ordinary differential equationwhich is called a second-order autonomous system. Let
X(t) = ∫ t

0 B(s) ds, then Equations (4)–(6) can be rewritten as a second-order differential equation of
X(t):

X′′(t) = −C1X2(t)+ C2X(t)− C3, (7)

where

C1 = π(1− π)βAβN(αc − αd)

N0

C2 = (1− π)βN(αc − αd)A0 + πβAαcN0

N0

C3 = αcA0.

This form of differential equations has an implicit solution form, but it’s hard to use in practice
even though we fix the allocation π . By simple calculation,

X′(t) =
√
− 2

3C1X3(t)+ C2X2(t)− C3X(t)+ C4, (8)

whereC4 is an integration constant. By definition ofX(t),X′(t) is equal to B(t). SinceX(t) is a positive
value and C1, C2, C3 are non-negative values, greater C2 and lower C1 and C3 make X′(t) a higher
value. We can easily derive the result that π = 0 or π = 1 is optimal; maxπ∈[0,1] C2 = maxπ∈{0,1} C2,
because C2 is a linearly weight average of two numbers with respect to π . Obviously, C1 = 0 when
π = 0 or 1, and C3 is independent from π . �
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When π = 0 or 1, we can explicitly solve Equation (8), because C1 = 0:

B(t) = 1
2

(
B0 − C3√

C2

)
exp(

√
C2t)+ 1

2

(
B0 + C3√

C2

)
exp(−

√
C2t). (9)

Now we fix the fire allocation only during some time fraction. πτ→τ ′ denotes the fixed allocation
during time t = τ to τ ′.

Lemma 2.2: For any time τ1 ≤ τ2 ≤ τ3, πτ1→τ2 = πτ2→τ3 holds.

Proof: Lemma 2.1 shows that π = 0 or 1 maximizes the blue force at any time. We have to decide
what is the optimal fire allocation π either 0 or 1. As we mentioned earlier in proof of Lemma 2.1, C2
should be maximized. So the optimal fire allocation π∗ is

π∗ =
{
1 if C2|π=0 < C2|π=1,
0 if C2|π=0 > C2|π=1,

(10)

where

C2|π=0 = βN(αc − αd)A
N

, (11)

C2|π=1 = βAαc. (12)

IfC2|π=0 < C2|π=1 holds andwe choose the fire allocationπ equals to 1, thatmeans we are shoot-
ing A first rather than N. Since C2|π=0 also decreases when A decreases, the relationship between
C2|π=0 and C2|π=1 does not changes. So if we choose to shoot A first, then fire allocation does not
changes.

Similarly, ifC2|π=0 > C2|π=1 holds and we choose the fire allocation π equals to 0 which is shoot-
ing N first. C2|π=0 increases N decreases, the relationship between C2|π=0 and C2|π=1 does not
changes and the fire allocation also does not changes. �

Since this is a combat modelling, each forces cannot be negative. Like the original Lanchester
equation, this differential equation also does not have such boundary. So Lemmas 2.1 and 2.2 holds
when B,A, andN is positive. If eitherA orN becomes 0, then the fire allocation becomesmeaningless
because there are only one type of enemy left. Therefore, we have to consider more after either A or
N becomes 0 and choose the optimal fire allocation strategies.

Lemma 2.3: There are two optimal fire allocation strategies. (i) Shoot only A (π = 1) until A is elim-
inated if ((αc − αd)/βA)N0 > ((αc + αd)/βN)A0, (ii) Shoot only N (π = 0) until N is eliminated if
otherwise.

Proof: See Appendix. �

3. The optimal fire allocation strategy via DPS

We suggest some useful properties when fα(N) is a linear function of N in Section 2. If fα(N) is
nonlinear function of N, it is hard to derive useful properties about fire allocation like the linear
case. If the fire allocation fα(N) is a constant αN until time t, we can derive an explicit solution for
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differential equations:

B(t) = B0 cosh(
√

παNβAt)− A0

√
αN

πβA
sinh(

√
παNβAt), (13)

A(t) = A0 cosh(
√

παNβAt)− B0

√
πβA

αN
sinh(

√
παNβAt), (14)

N(t) = N0 − A0
(1− π)βN

πβA
(cosh(

√
παNβAt)− 1)

− B0
(1− π)βN√

παNβA
sinh(

√
παNβAt). (15)

So if we assume αN is calculated depends on current state N(t) and stays constant in small
time fraction dt, then we can change Equations (13)–(15) to a state-dependent Markovian form.
T3×3(π ,N(t)) denotes the transition matrix depends on π and current stateN(t)with the size 3× 3:⎡

⎣B(t + dt)
A(t + dt)
N(t + dt)

⎤
⎦ = T3×3(π ,N(t))

⎡
⎣B(t)
A(t)
N(t)

⎤
⎦

T3×3(π ,N(t)) =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

cosh(h) −
√

αN

πβA
sinh(h) 0

−
√

πβA

αN
sinh(h) cosh(h) 0

− (1− π)βN√
παNβA

sinh(h)
(1− π)βN

πβA
(cosh(h)− 1) 1

⎤
⎥⎥⎥⎥⎥⎥⎥⎦
, (16)

where h = √
παNβAdt.

The fire allocation π can be interpreted as an action at each state [B(t),A(t),N(t)]′. The problem
seems typical case for Markov Decision Process, but since the state are continuous and the transition
matrix is depends on the current state, it is hard to get an optimal action with a backward induction.
Reinforcement learning is powerful tool to solve such problem with forward calculation. We use the
DPS method [16] which is useful to get the policy that maximizes the expected return.

3.1. DPS by gradient ascent with logit-normal policymodel

This method finds the policy model that maximizes the expected return by gradient ascent. Let
π(a | s, θ) is the policy parameterized by θ which is the conditional probability density of a in state s.
And h is the scenario of length T then, the expected return J for policy parameter θ is defined as

J(θ) = Ep(h | θ)

[T−1∑
t=1

r(st , at , st+1)

]
=

∫
p(h | θ)R(h) dh, (17)

p(h | θ) = p(s1)
T−1∏
t=1

p(st+1 | st , at)π(at | st , θ). (18)

The purpose of this method is to the the optimal policy parameter θ∗ maximizes the expected
return J(θ). Gradient ascent is a good algorithm to find such parameter.

θ ← θ + ε
�

θ

J(θ) (19)
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�
θ J(θ) denotes the gradient of expected return and expressed as

�

θ

J(θ) = Ep(h | θ)

[T−1∑
t=1

�

θ

logπ(at | st , θ)R(h)

]
(20)

and since p(h | θ) is unknown, we can rewrite using the empirical average as

�

θ

J(θ) = 1
N

N∑
n=1

T−1∑
t=1

�

θ

logπ(at,n | st,n, θ)R(hn), (21)

where hn is the scenario for nth experiment.
For choosing the policy model π(a | s, θ), the Gaussian policy model is a popular choice. But, for

our case, an action should be bounded between 0 and 1, so Gaussian policy model is not proper
model. So we suggest a logit-normal policy model which is

π(a | s,μ, σ) = 1
σ
√
2π

1
a(1− a)

exp
(
− (logit(a)− μTφ(s))2

2σ 2

)
. (22)

The policy gradients are

�μπ(a | s,μ, σ) = logit(a)− μTφ(s)
σ 2 φ(s) (23)

�σ π(a | s,μ, σ) = (logit(a)− μTφ(s))2 − σ 2

σ 3 , (24)

where φ(s) is the basis function of s. In this research, we use φ(s) = [1 s2] = [1 B2 A2 N2 BABN AN].
We are dealing with the interactive situations between B, A and N, therefore we use the square terms
of each states and the interaction terms between each states.

3.2. Numerical experiments for the linear fα(N)

We prove the optimal fire allocation for the linear case fα(N) = αd + (αc − αd)(N/N0) in Section 2.
We conduct three numerical experiments using the DPS algorithm and compare to the theoretical
optimal values. Table 1 shows the initial parameter settings and the theoretical optimal value for each
experiment settings, and also the value obtained from the DPS algorithm. In this context, the value
means ‘the alive blue forces at the end of the battle’.

Figures 2–4 show the changes in the each forces, and the fire allocation over time for each exper-
iment settings. Commonly, the algorithm does not know how to allocate the fire to maximize the
blue force before learning. However, after hundreds iterations for learning, they learn almost exactly
how to allocate the fire to maximize the blue force at the end of battle. As we wrote in Table 1, there
are small differences between the theoretical values and obtained value from the algorithm. We use
the term ‘Learning curve’ for changes in sample average value of blue force at the end of battle over
time in figures. Learning curve in Figures 3 and 4 are the common shape which shows gradually
increasing, but learning curve in Figure 2 is somehow different. It moves like a step function at the

Table 1. The experiment settings for the linear fα(N).

Experiments B0 A0 N0 αc αd βA βN Optimal value DPS value

1 50 60 10 0.2 0.07 0.2 0.15 11.0136 10.8543
2 50 50 20 0.2 0.04 0.2 0.15 19.2483 18.5618
3 70 80 20 0.2 0.1 0.3 0.2 24.6512 24.0241
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Figure 2. Changes of the each forces, the fire allocationπt and the sample average value on linear experiment setting 1 (DPS value
after 590 iterations = 10.8543). (a) Before learning, (b) after learning and (c) learning curve.

Figure 3. Changes of the each forces, the fire allocationπt and the sample average value on linear experiment setting 2 (DPS value
after 820 iterations = 18.5618). (a) Before learning, (b) after learning and (c) learning curve.

Figure 4. Changes of the each forces, the fire allocationπt and the sample average value on linear experiment setting 2 (DPS value
after 820 iterations = 24.0241). (a) Before learning, (b) after learning and (c) learning curve.

end of iterations. Since DPS algorithm is using the gradient ascent algorithm to update the policy
parameter, it will easily converges to the local maximum value. We can interpret that the algorithm
had been converged to the local maximum and it searched for the better value for long iterations
and finally, it found the better values and moves to that point. This step-like behaviour depends on
hyper-parameters in the learning algorithm which controls the exploitation and the exploration.

3.3. Numerical experiments for the nonlinear fα(N)

As we see in a previous subsection, the DPS algorithm helps to reach to theoretical optimal value for
the linear attrition rate function. In this subsection, we conduct 2 experiments with the nonlinear
attrition rate functions fα(N). We do not know the theoretical optimal values like the linear case, but
we can deduce from the linear case that this algorithmwill reach near to the optimal value and optimal
policy. Table 2 shows the 2 experiment setting for the nonlinear case. We fix the initial parameters
same as experiment setting 2 in the linear case and change only the attrition rate function fα(N).

The values obtained from the DPS changes dramatically compare to linear case. The optimal value
of experiment setting 2 in linear casewas 18.5618. But after we change the attrition rate function fα(N)
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Table 2. Experiment settings for the nonlinear fα(N).

Experiments B0 A0 N0 αc αd βA βN DPS value

Common setting 50 50 20 0.2 0.04 0.2 0.15

1 (Logarithmic) fα(N) = αd + (αc − αd) log(9
N

N0
+ 1) 0

2 (Exponential) fα(N) = αd exp(ln(
αc
αd

)(
N

N0
)2) 30.3291

Figure 5. Changes of the each forces, the fire allocation πt and the sample average value on nonlinear experiment setting 2 (DPS
value after 1780 iterations = 30.3291). (a) Before learning, (b) after learning and (c) learning curve.

to logarithmic and exponential function, the value changes to 0 and 30.3291, so it will be important
to design the attrition rate function well to predict and make the optimal decision. Figure 5 shows
the same plots as previous for the exponential case. Since the logarithmic case always have value 0 for
any allocation, so it does not have the optimal fire allocation like any others. We might change the
definition of ‘value’ to ‘BT − (AT + NT); The difference of the forces at the end of the battle’. For new
definition, the algorithm might lead to minimize the difference and try to find at least good strategy
that maximize the casualties. This will be studied in further research.

4. Conclusion

In this paper, we suggest the new differential equation model that includes the framework of NCW
and force multiplier. By solving this equation, we proved some useful properties for the special case;
the linear attrition rate function case. Main contribution is that we adopt the reinforcement learning
technique called theDPS andmodify themodel to solve the optimal fire allocation problem.We show
that this algorithm works well in the linear case which has known optimal value, and conduct 2 more
experiments for nonlinear case.

Our goal has been to introduce the control community about the application of military field.
One next step is to conduct more experiments with the complex model, for example, a model that
includes the defense assets or new attrition property like fire range. This will bring out new behaviours
and explanations that can advise the commander to order actively. Another way will be considering
stochastic effects in the model. In our model, we exclude the stochastic effects to clarify the situation
and derive some analytical properties. We strongly expect that the stochastic term will affects the
optimal fire allocation a lot and totally changes the outcome of the battle. Of course, since the direct
policy algorithm is sensitive to policy model and the basis function of s, φ(s), it will be great work to
stabilize the algorithm and make robust.
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Appendix. Proof of Lemma 2.3
If π = 0 at first, then Equations (4)–(6) become first-order linear ODE which is,

dB
dt
= −

(
αd + (αc − αd)

N
N0

)
A0, (A1)

dN
dt
= −βNB. (A2)

From this ODE, we can calculate B(tN=0) when N(tN=0) becomes 0,

B(tN=0)2 = B20 −
(αc + αd)

βN
A0N0. (A3)

If N is eliminated before B is eliminated, now B concentrates the fire to A then,

dB
dt
= −αdA, (A4)

dA
dt
= −βAB. (A5)
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Table A1. The optimal fire allocation π∗ .

B20→1 < 0 B20→1 > 0

B21→0 < 0 Blue loses Shoot N first (π∗ = 1)
B21→0 > 0 Shoot A first (π∗ = 1) B1→0 > B0→1, π∗ = 1.

B1→0 < B0→1, π∗ = 0.

We can calculate B0→1 when A eliminates,

B20→1 = B20 −
(αc + αd)

βN
A0N0 − αd

βA
A2
0. (A6)

On the other hand if π = 1 at first, then Equations (4)–(6) also become first-order linear ODE which is,

dB
dt
= −αcA, (A7)

dA
dt
= −βAB. (A8)

From this ODE, we can calculate B(tA=0) when A(tA=0) becomes 0,

B(tA=0)2 = B20 −
αc

βA
A2
0. (A9)

Since A is eliminated, B concentrates the fire to N. But Equation (A7) becomes 0 and it is obvious that B1→0 when
N eliminates is same as B(tA=0).

B21→0 = B(tA=0)2 = B20 −
αc

βA
A2
0. (A10)

Then we can make the optimal fire allocation chart as follows (Table A1).
Simplify the relationship between B1→0 and B0→1,

B1→0 > B0→1

(αc + αd)

βN
N0 >

(αc − αd)

βA
A0. (A11)

(i) Shoot only A (π = 1) until A is eliminated if ((αc − αd)/βA)N0 > ((αc + αd)/βN)A0, (ii) Shoot onlyN (π = 0)
until N is eliminated if otherwise.
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